Abstract. We prove Thom isomorphism theorem in twisted groupoid K-theory for real or complex equivariant vector bundles over the unit space of a locally compact groupoid. To this intent, we first discuss equivariant bivariant K-theory for groupoid actions by Morita equivalences on real or complex C * -algebras, and establish its functorial properties in the category of locally compact secondcountable groupoids and Hilsum-Skandalis morphisms. We treat the real and the complex cases in the unified framework of Reality, that is, groupoids equipped with involutions acting by Morita equivalences on "real" C * -algebras.
Although this result is a generalisation of [24, Proposition 2.5], we propose here a very different approach to prove it. Indeed, the idea consists mainly of comparing the classes of A V and Cl(V) in the Brauer group. This is done by working on the cohomological picture of ' BrR(G). Specifically, it is shown in [17] that for a groupoid with involution τ : G −→ G, there is an isomorphism of abelian groups
, whereȞR * is equivariant groupoid cohomology with respect to involutions, and where S 1 is endowed with the involution given by complex conjugation, Z 2 and Z 8 are given the trivial involutions (see [18] ). If DD(A) = (n, α, β), we say that A is a Real graded D-D bundle of type n mod 8. We then compare the values of Cl(V) and A V in the right hand side of the above isomorphism by introducing Stiefel-Whitney classes w(V) for Real Euclidean vector bundles over a Real groupoid.
In the last section of the paper, we prove Thom isomorphism theorem in twisted K-theory of Real groupoids. It says that for a Real Euclidean vector bundle V over G / / / / X with projection π : V −→ X, and a Real graded Dixmier-Douady bundle A, there is an isomorphism of abelian groups KR * π * A ((π * G)
Moreover, V is KR-oriented, that is w(V) = 0, then KR * π * A ((π * G) • ) = KR * −p+q (G • ). As far as we know, this result was known only in the case of twistings by Azymaya bundles over topological spaces [6, 11] and in the case of twisted K-theory of bundle gerbes [4] .
Preliminaries and conventions
2.1. By a Real graded C * -algebra ( [12] ) we mean a graded complex C * -algebra A = A 0 ⊕ A 1 equipped with an involution A ∋ a −→ā ∈ A of C * -algebra compatible with the grading. Real Banach spaces (algebras) are defined in a similar fashion. If A is a Real graded C * -algebra, a graded Hilbert A-module (say left) E is Real graded if it is a Real graded Banach spaces with the property that its involution satisfies a · e =ā ·ē, and e, f = ē,f for all a ∈ A and e, f ∈ E.
Recall [18] that a groupoid G / /
/ / X is Real if it is endowed with a groupoid isomorphism τ : G −→ G such that τ 2 = 1. A Real graded Fell bundle (resp. u.s.c. Fell bundle) over G is a Fell bundle (resp. u.s.c Fell bundle) [14, 25] π : E −→ G such that every fibre E g is a graded complex Banach space, and there is an involution E ∋ e −→ē ∈ E compatible with the grading on the fibres and satisfying τ(π(e)) = π(ē). Note that if E −→ G is a Real graded (u.s.c.) Fell bundle, then for all g ∈ G, the graded complex Banach space E g is a graded Morita E r(g) , E s(g) -equivalence. The reduced C * -algebra C * r (G; E) ( [14] )associated to a Real graded Fell bundle is naturally equipped with the structure of Real graded C * -algebra. We refer to [19] for more details on Real graded Fell bundles and their C * -algebras.
2.3. Throughout the paper, all our C * -algebras, Hilbert modules, (u.s.c.) Fell bundles, continuous field of C 3. Equivariant C * -correspondences Let A and B be C * -algebras. A C * -correspondence from A to B is a pair (E, ϕ) where E is a Hilbert (right) B-module, and ϕ : A −→ L(E) is a non-degenerate homomorphism of C * -algebras. We then view E as a Real graded left A-module by a · e := ϕ(a)e. When there is no risk of confusion we will write A E B for the C Definition 3.1. Let G be a groupoid, and A a C * -algebra. A generalised G-action on A consists of a u.s.c. Fell bundle A −→ G such that A C 0 (X; A ), where, as usual, we have denoted C 0 (X; A ) for C 0 (X; A |X ).
Example 3.2. If A −→ X is a u.s.c. field of C * -algebras, then the u.s.c. Fell bundle s * A −→ G is a generalised G-action on A = C 0 (X; A). Remark 3.3. As mentioned in [25, §6.2] , a generalised action is in fact an action by Morita equivalences, which justifies the terminology. Indeed, if A is a generalised G-action on A, then from the properties of Fell bundles we see that for g ∈ G, A g −1 is a graded A s(g) -A r(g) -Morita equivalence.
Denote by i : G −→ G the inversion map. If A is a Real graded C * -algebra endowed with a generalized G-action A , we define F b (i * A ) as the Real graded Banach algebra of norm-bounded continuous functions vanishing at infinity a ′ :
the Real structure is given by (ā ′ ) g := (a ′ḡ ), and the grading is inherited from that of A . Observe that F b (i * A ) is naturally a Real graded (right) Hilbert r * A-module under the module structure
and the graded scalar product
Also, F b (i * A ) has the structure of Real graded s * A-module by setting
, and g ∈ G.
Suppose now that (E, ϕ) is a C * -correspondence from A to B, and A and B are generalised G-actions on the Real graded C * -algebras A and B, respectively. Then, it is easy to check that we have two C * -correspondences
and
respectively. The link between these two correspondences "measures" the G-equivariance of A E B . In particular, we give the following definition.
such that for every (g, h) ∈ G (2) , the following diagram commutes
where the isomorphisms 
is an isomorphism of s * B, r * Ccorrespondences implementing G-equivarience. We define the isomorphism of Real graded s * A, r * C-correspondences 
Observe that T ξ = Tξ, so that T ξ is Real if and only if ξ is. Now let A, B, E 1 , and E 2 be as above. Let F 2 ∈ L(E 2 ), and F ∈ L(E). We say that F is an F 2 -connection for E 1 if for every ξ ∈ E 1 :
It is easy to check that F is an F 2 -connection for E 1 if and only if for every
where 
Note that from the commutativity of (1),
W is a Rg G-action by automorphisms on E. Moreover, it is straightforward to see that the map (A, B) . 
The following can be proven as in the standard case where no generalised actions are involved (see [12, §4] ).
Proposition 4.9. Under the operations of direct sum, KKR G (A, B) is an abelian group. Moreover, the assignement (A, B) −→ KKR G (A, B) is a bifunctor, covariant in B and contravariant in A, from the category Corr G to the category Ab of abelian groups
Note that the inverse of an element x ∈ KKR G (A, B) is given by the class of (−E, −F), where (E, F) is a representative of x, −E is the Real graded A, B-correspondence given by E with the opposite grading (i.e. (−E) i = E 1−i , i = 0, 1) and the same Real structure, and the non-degenerate homomorphism of Real graded C *
Also, as in the usual case, degenerate elements are homotopically equivalent to (0, 0), so that they represent the zero element of KKR G (A, B).
Remark 4.10. One recovers Kasparov's KKR(A, B) of [12] by taking the Real groupoid G to be the point. Indeed, in this case we may omit condition (iv) of Definition 4.2 since, thanks to (1), for the automorphism W : E −→ E is indeed equal to the identity.
Higher KKR G -groups are defined in an obvious way. Given a C * -algebra A endowed with a generalised G-action A −→ G, the u.s.c. Fell bundle
Definition 4.11. Let A, B be C * -algebras endowed with generalised G-actions. Then, the higher
Let us outline the construction of the Kasparov product in groupoid-equivariant KKR-theory for generalised actions. To do this, we need the following 
From this theorem, the Kasparov product
where E := E 1⊗ E 2 and F ∈ F 1# F 2 . It is not hard to see that as in the complex case where the C * -algebras are equipped with G-actions by automorphisms (see [16] ), this product is well-defined, bilinear, associative, homotopy-invariant, covariant with respect to B and contravariant with respect to A. More generally, we have Theorem 4.13. Let A 1 , A 2 , B 1 , B 2 and D be separable C * -algebras endowed with generalised G-actions. Then, the product (2) induces an associative product
Proof. The proof is almost the same as that of [12, Theorem 5.6 ].
Moreover, as in the usual case (cf.
[13]), there are descent morphisms
compatible with the Kasparov product.
Functoriality in the Hilsum-Skandalis category
Recall [19] that a (Real) generalised morphism (or a Hilsum-Skandalis morphism) from a Real groupoid Γ to the Real groupoid G consists of a Real space Z ∋ z −→z ∈ Z, two continuous maps
s / / X which are equivariant with respect to the Real structures, a continuous left (resp. right) action of Γ (resp. of G) on Z respecting the involutions (i.e. γ · z · g = τ Γ (g) ·z · τ G (g) where the product makes sense), making Z a generalised morphism in the usual sense (see for instance [7, 25] ). There is a category RG whose objects are Real groupoids and whose morphisms are (Morita equivalence classes of) Real generalised morphisms. This category was shown in [18, Proposition 1.37] to be isomorphic to a category RG Ω , which is much more exploitable. The category RG Ω has same objects as RG. If Γ, G are Real groupoids, Hom RG Ω (Γ, G) consists of Morita equivalence classes of compositions of the form
, and f is a strict Real morphism; i.e. equivariant with respect to the involution
(induced from the those of Γ and I) and that of G Such a morphism will be represented by the couple (U, f ).
In this section we show that KKR (·) is functorial in the category of locally compact secondcountable Real groupoids and generalised Real morphisms. We first need to show that it is functorial with respect to strict Real morphisms.
Let f : Γ −→ G be a strict morphism of Real groupoids and A a C * -algebra endowed with the generalised Real G-action A −→ G. Then the pull-back f * A −→ Γ defines a generalised Real Γ-action on the C * -algebra f * A = C 0 (Y; f * A ). Let B be another C * -algebra together with a generalised Real G-action B. Suppose A E B is a C * -correspondence. Then under the identifications
we see that f * E is a Real graded f * A, f * B-correspondence. Further, assume that A E B is Gequivariant with respect to the isomorphism W :
Then, by using the following identifications (compare with [16, p.65 
where the Real action of C 0 (G) on C 0 (Γ) is induced by f in an obvious way, we get an isomorphism
Hence equivariant KKR-theory has a functorial property in the category RG s .
Definition and Lemma 5.1. Let f : Γ −→ G be a strict morphism of Real groupoids. Let A and B be C * -algebras endowed with generalised Real G-actions. Then we define a group homomorphism
where under the identifications (4), we put f * F = F⊗ C 0 (X) Id C 0 (Y) . Moreover, the map f * is natural with respect to the Kasparov product (2) in the sense that if D is another C * -algebra equipped with a generalized Real G-action, then
Proof. The proof is the same as those of Lemma 6.1.1 and Proposition 6.1.3 in [16] .
More generally, in order to establish functoriality in the category RG we need the following proposition which is a generalisation of [16 
Proof. Without loss of generality, we may suppose U is locally finite since X is paracompact. We use the following notations: as usual, we write g j 0 j 1 for (j 0 , g, j 1 ) ∈ G[U], and x j for (j, x) ∈ j∈J U j ; let π : A −→ G[U] be the projection of the given Real graded Fell bundle (resp. u.s.c. Fell bundle); an element a ∈ π −1 (g j 0 j 1 ) will be written a j 0 j 1 .
For x ∈ X we denote by I x the finite subset of j ∈ J such that x ∈ U j , and for g ∈ G let I g the finite subset of pairs (j 0 ,
Then fi ι ! A −→ G is a Real graded Banach bundle (resp. u.s.c. Banach bundle), with the projection
Moreover, for (g 1 , g 2 ) ∈ G (2) , the pairing
where
generated by a j 0 j 1⊗ b j 1 j 2 −→ (ab) j 0 j 2 . One easily verifies that together with this multiplication, ι ! A −→ G is a Real graded Fell bundle (resp. u.s.c Fell bundle) that satisfies tthe desired isomorphism. 
Proposition 5.4. Let A, B be C * -algebras endowed with generalised Real G[U]-actions A and B, respectively. Assume E is a G[U]-equivariant A, B-correspondence. Then there exists a ι ! A, ι ! B-correspondence ι ! E and an isomorphism of A, B-correspondences
Proof. The map ι ! : B −→ ι ! B sending φ ∈ C 0 ( j U j ; B) to the function ι ! φ ∈ C 0 (X; ι ! B) given by
is a surjective Real graded * -homomorphism. We then can define the push-out ι ! E of the Hilbert B-module E via ι ! . Let us recall [9, §1.2.2.] the definition of the Real graded Hilbert ι ! B-module ι ! E. Let N ι ! = {ξ ∈ E | ι ! ( ξ, ξ B ) = 0}; denote byξ the image of ξ ∈ E in the quotient space E/ N ι ! , the latter being a Real graded ι ! B-module by settinġ
Then define the Hilbert ι ! B-module ι ! E as the completion of E/ N ι ! with respect to the Real graded
For T ∈ L(E), let ι ! T be the unique operator in L(ι ! E) making the following diagram commute
where the horizontal arrows are the quotient map; i.e.,
Hence, the map ϕ : A −→ L(E) implementing the A, B-correspondence gives rise to a non-
Therefore, ι ! E is a ι ! A, ι ! B-correspondence. It is not hard to check that ι ! E is isomorphic to C 0 (X; › ι ! E ), where › ι ! E −→ X is the unique u.s.c. field of Banach algebras with fibre (ι ! E ) x = j∈I x E⊗ B B ( j,x) ; indeed, since E is a Real graded Hilbert B-module, thanks to [25, Appendix A]) there is a unique topology on the u.s.c. fieldẼ = ( j,x) E⊗ B B ( j,x) such that E C 0 ( j U j ;Ẽ ) the Z 2 -grading and the Real structure onẼ is the obvious one; so, by Proposition 5.2, we get the Real graded u.s.c. field
we get
, and
Thus, W induces an isomorphism of s * (ι ! A), r * (ι ! B)-correspondences
defined in a similar fashion as (7); so that ι ! W is compatible with the partial product of G in the sense of the commutative diagram (1) . That the G[U]-equivariant A, B-correspondences E and ι * ι ! E are isomorphic is an immediate consequence of the construction of ι ! E and ι ! W.
is given by (6) .
Proof. This is a matter of algebraic verifications. For instance, the map ι ! : L(E) −→ L(ι ! E) respects the degree and the Real structures. Moreover
; thus conditions (i)-(iii) in Definition 4.2 are satisfied by the pair (ι ! E, ι ! F). To verify condition (iv), let us put
, and we have seen in the proof of Proposition 5.2 that ιE 1⊗ι ! r * A ι ! E = ι ! (E 1⊗r * A E). It follows that for ξ ∈ E 1 and η ∈ E 2 , one has
, and hence ι ! (θ ξ ) = θξ (recall notations used in Remark 4.1). Then,
The following result can be proved with similar arguments as in [16, Théorème 6.2.1], so we omit the proof.
and B be as previously. Then the canonical Real inclusion G[U] ֒→ G induces a group isomorphism
whose inverse is
is natural with respect to Kasparov product; i.e.,
. Now Theorem 5.6 enables us to define the pull-back of a C * -algebra endowed with a generalised action along a morphism in the category RG. 
as the composite
Notice that by similar rguments as in [16] (Corollaire 3.2.1), Z * is well defined, that is, its construction does not depend on the choice of the pair [(U, f )], and that it is functorial in RG and natural with respect to Kasparov product [16, Théorème 6.2.2]. In particular, if Z is a Morita equivalence, then Z * is an isomorphism.
KKR G -equivalence
The notion of KK-equivalence, which has already been treated in many textbooks and papers, provides important features in the study of K-amenability and Baum-Connes conjecture (see Blackadar's book [3, Definition 19.1.1]). It also gives a powerful way to establish Bott periodicity in K-theory of C * -algebras. This notion as well as the results around it extend in a very natural way to the more general setting of equivariant KK-theory for generalised Real groupoid actions. Definition 6.1. . Let G / / / / X , be a Real groupoid, A and B be C * -algebras endowed with generalised G-actions. We say that an element x ∈ KKR G (A, B) is a KKR G -equivalence if there is y ∈ KKR G (B, A) such that x⊗ G,B y = 1 A , and y⊗ G,A x = 1 B . A and B are said KKR G -equivalent if there exists a KKR G -equivalence in KKR G (A, B) . Lemma 6.2. Assume x ∈ KKR G (A, B) is a KKR G -equivalence. Then for any Real graded C * -algebra D endowed with a generalised Real G-action, the maps
are isomorphisms which are natural in D by associativity.
The proof is almost the same as that of [12, Theorem 4.6] . For instance, the map
is an inverse of the first homomorphism. See also [3, §19.1]). Proof. By naturality of Z * with respect to Kasparov product, we have
Bott periodicity
In this section we establish Bott periodicity in KKR G -theory. We first need some definitions and constructions. Definition 7.1. Let G / / / / X be a Real groupoid. A Real Euclidean vector bundle of type p − q over G / / / / X is a Euclidean vector bundle π : E −→ X of rank p + q equipped with a Real G-action (with respect to π) such that the Euclidean metric is G-invariant and the Real space E is locally homeomorphic to R p,q ; that is to say, for every x ∈ X, there is a Real open neigborhood U of x and a Real homeomorphism h U : π −1 (U) −→ U × R p,q , where U × R p,q is provided with the Real structure (x, t) −→ (x,t). This is equivalent to the existence of a Real open cover U = (U j ) j∈J and a family of homeomorphisms h j : π −1 (U j ) −→ U j × R p+q such that the following diagram commute
For p, q ∈ N with n = p + q 0, we define the Real group O(p + q) to be the orthogonal group O(n) equipped with the involution induced from R p,q (we identify M p+q (R) with L(R p,q ), the latter is then a Real space). Similarly one defines the Real group SO(p + q) Definition 7.2. Associated to any Real Euclidean vector bundle E of type p − q over the Real groupoid G / / / / X , there is a generalised Real homomorphism
where F(E) is the frame bundle of E −→ X. Remark 7.3. The above definition does make sense, for the fibre of the O(p + q)-principal bundle F(E) −→ X at a point x ∈ X identifies to the R-linear space Isom(R p+q , E x ) of R-linear isomorphisms; so that G acts on
is equipped with the Real structure (x, ϕ) −→ (x,φ), whereφ(t) := ϕ(t), t ∈ R p+q . It is clear that the actions by G and O(p + q) are compatible with this involution.
-algebra, where the Real structure is x ⊗ R λ −→x ⊗ Rλ , and where the involution "bar" in Cl (R p,q 
Recall that Kasparov has defined in [12, §5] 
We will use these elements to prove Bott periodicity in generalised Real groupoid equivariant KK-theory as well as the Thom isomorphism in twisted K-theory which will be discussed in the next section. 
Proof. First of all notice that the pullbacks F * p,q (C 0 (R p,q )) and
is a KKR G -equivalence, thanks to Proposition 6.3. Hence, from Lemma 6.2, the Kasparov product
is an isomorphism. We therefore have the desired isomorphism since C 0 (X) ⊗ C 0 (X) Cl p,q⊗ A A⊗Cl p,q .
Twisting by Real Clifford bundles and Stiefel-Whitney classes
In this section we use the previous constructions to prove some new results in twisted groupoid K-theory. First recall [17] that a Real graded S 1 -extension over the Real groupoid G is a graded extension (see [24] ) ( Γ, Γ, Z), such that the groupoids Γ, Γ are Real, Z is a Real generalised morphism Z : Γ −→ G, and if the groups S 1 , Z 2 are given the involution by complex conjugation and the trivial involution, respectively, all of the maps
are equivariant. The set ' ExtR(G, S 1 ) of Morita equivalence classes o Real graded S 1 -entension over G has the structure of abelian group. Moreover, by [18, Theorem 2.60], there is an isomorphism dd : ' ExtR(G,
, which is natural in the category RG. It follows that there is a natural isomorphism ' BrR 0 (G) −→ ' ExtR(G, S 1 ) (note that the construction of this isomorphism is explicitly given in [17] ), where the left hand side is the subgroup of ' BrR(G) consisting of Real graded D-D bundles of type 0.
Let [12] ) and a Real open cove of X trivialising both V and V ′ (and hence the direct sum V ⊕ V ′ ), one easily checks that (
Proof. The generalized Real homomorphism
is but the generalised homomorphism induced by the strict Real homomorphism 1 :
, and since the kernel of the projection Pin 
We shall mention that this result is proven by J.-L. Tu in the complex case (see [24, Proposition 2.5] ). However, the approach we will be using here to prove it is very different from that used by Tu.
Indeed, our proof requires the construction of generalised Stiefel-Whitney classes of a Real vector bundles over a Real groupoid. Recall that associated to any real vector bundle V over a locally compact paracompact space X, there are cohomology classes w i (V) ∈ H i (X, Z 2 ) called the i th StiefelWhitney classes of V (see for instance [8, Chap.17 §2] ). For instance w 1 (V) is the constraint for V being oriented, and w 2 (V) is the constraint for V being Spin c (we will say more about that later). We have already seen that a Real Euclidean vector bundle V of type p−q gives rise to a generalised Real homomorphism F(V) : G −→ O(p + q). In fact, Real Euclidean vector bundles arise this way: 
where the first equality comes from the very definition of the Real graded D-D bundle A, the second one follows from Example 8.7, and the last one is a simple interpretation on the construction of w 1 and w 2 .
2. If p = q, then Cl p,p is the type 0 Real graded elementary C * -algebra K(Ĥ), wherê
Identifying the Real space R p,p with C p endowed with the coordinatewise complex conjugation, there is a degree conserving Real representation ; ;
This combined with (12) implies We conclude by applying Proposition 8.9 1).
Hence, DD(Cl(V)) = dd([P
By using the fact DD is a group homomorphism, we immediately deduce from the above theorem that induces by functoriality in the category RG a KKR G -equivalence F(V) * α p,q ∈ KKR G, * (C 0 (V)⊗C 0 (X), C 0 (X; Cl(V))).
Thus, by the identifications of C * -algebras with generalized Real G-actions C 0 (X; A) C 0 (X)⊗ C 0 (X) C 0 (X; A), and C 0 (V; π * A) C 0 (V)⊗ C 0 (X) C 0 (X; A), we get a KKR G -equivalenceα V ∈ KKR G, * (C 0 (V; π * A), C 0 (X; A⊗ X Cl(V))),
by taking α V to be the Kasparov product of F(V) * α p,q with the canonical KKR G -equivalence 1 C 0 (X;A) ∈ KKR G (C 0 (X; A), C 0 (X; A)).
Therefore, we obtain a KKR-equivalence α V := j G,red (α V ) ∈ KKR * (C 0 (V; π * A) ⋊ r G, C 0 (X; A⊗ X Cl(V)) ⋊ r G),
where j G,red is the descent morphism; and we are done.
